Model selection In
semiparametric models

Gerda Claeskens
gerda.claeskens@econ.kuleuven.be

KATHOLIEKE UNIVERSITEIT

Co-authors: R.J. Carroll, N.L. Hjort

Addressing the ‘gquiet scandal of statistics’
Don’t hide the model selection step

1



Semiparametric likelihood

Variable selection in parametric part of the model, without
assuming nonparametric part to be known

Z L{Y;, Zz'; Ktrue; etrue(X’i)}

=1
Examples: Z

o Partially linear model: Y; = Zfa + 0(X;) + ¢;
0 Y ~ N(Zia; 0%(X,)), 0(X;) = log o (X,)
o Logit{ P(Success)} = Zta + 0(X;)
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Main references

o Hjort & Claeskens (2003, JASA) FMA
Frequentist model averaging estimators.
Distributions of estimators after model selection.

o Claeskens & Hjort (2003, JASA) FIC
The focussed information criterion.

Adapt selection criterion to depend on the quantity
you wish to estimate with the selected model.

For full likelihood parametric models only

We extend FMA to general semiparametric models
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Defs & model assumptions

Log likelihood function:

Z ﬁ{yw Zz'; Qtrue) etrue(Xi)}

1=1
(1) full model: afull (ﬁta Y )
(2) Reduced model: a4 = (5°,0;)

Local misspecification assumption: ~i,ue = 0/v/n

Denote the partial derivatives Ly(-), £4(-), La.(+), €tc.

I All expectations are wrt true distribution of Y;.
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Estimation of nonparametric part

Define 6(x, o) as the solution to
ElLAY, Z a,0(X,a)}| X =z] =0.

Of course, 0(-, Atrue) = Otrue(-)-

Local linear estimator {5(:1:; ag), 0 (x;5)} IS the
maximizer, with respect to (g, 11 ), of

nY LY, Zias, o + i (X — @) Y ER(XG — @),
1=1

where K,,(-) = K(-/h)/h.
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If the first partial derivatives of the likelihood exist,
set of estimating equations in the semiparametric model:

% ;ﬁe{yz', Zi,ag, Yo + 1 (X — ) JKR(X; — o) (le_ aj) = 0.

o Claeskens & Van Keilegom (2003, Ann.Stat)

AN

sup |0(z, o) — 0(z, )] = O{nh/log(n)} >+ h*) a.s.
sup ]51(:1:, ) — g@(x, o) = O{nh*/log(n)} V? +h? a.s.
- T
o Claeskens & Carroll (2005)

sup,, \(%5(:1:, a) — 20(z, a)] = O[{nh/log(n)} "2 + h?] a.s.
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Profile likelihood estimation of «

AN

Given 6(z, ag), we define ag as the solution to

n d .
0 = n_lg y E{Y;J?Z’UCVS?@(X’UCVS)}
8%
1=1

n~1 {EQ{YQ, Zi, g, é\(Xia as)}

1=1

. 9
+£9{Y;’7 Zi7 g, H(Xw &S)}%(g(){m OéS) .
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| east favorable curve

AN

The local linear estimator ¢(-, «) is a consistent estimator
of the least favorable curve 6*(-, ) which minimizes

d * d * t
k {%ﬁ{y; Z? true 0 (Xa atr)}@ﬁ{ya Za Oty 0 (Xa atr)} ‘X}
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Asymptotic theory for param. part

Define the semiparametric information bound
d
S(Oétrue) — COV{d—L{Y, Z; (true H(Xa O‘true)}
8%

Sesla)  Sgy(a) 1) — S (a)  SP(a)
5,5(0) sma))’ ° ()‘(s%) ma))'

S(a) = (

Under the local misspecification assumption, that is,
Yiewe = 125, and when working in the full model,

nl/Q(afull — C‘%rue) i) N{()? S_l(Oétrue)}
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Under the local misspecification assumption, that is,
e = 128, and when working in the reduced model,

n1/2 (Bred _ 5true) i) N{Sg_ﬁl (Oétrue)sﬂ’y(atrue)éa Sﬁ—ﬁl (Oétrue)}

Under the local misspecification assumption,

R 0 .
n 2 {u(@ra) — f(Qeme)t > Apn = = - N{0, S (atgrue) }

O
nl/Q{N(aI‘ed) M(atrue)} <
op oL
Ared — aﬁ N{Sgg (@true)sﬁfy(atrue)(s Sﬁﬁ (6true)} 8’75
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Model selection

o First: distribution of estimators in each of the models.
o Next: define weights or apply model selection method.
For example AIC or BIC based on the semiparametric
profile loglikelihood

n_l Z E{}/za Zia s, (/9\(X17 &S)}a

1=1

assigns a data-driven AIC/BIC weight to each model.
e.g. weight = 1 if model selected, 0 otherwise.
o Combine weights with estimators.
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Main result

We consider cases where the weights depend on
gfuu — 711/2%1111 i D = N(5» SW)-
Estimators after model selection take the form

= C(gfull),u(afull) + {1 — C(gfull)}ﬂ(&red)a

with 0 < C(/é\fu]]) < 1.

Under the local misspecification assumption,
nl/z{ﬁ — 1 Qtrue) } 5 c(D)Atan + {1 = ¢(D) } Area-
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Danish malignant melanoma study

Anderson, Borgan, Gill & Keiding (1993)

t;, survival time after operation (in days);
¢;, 1. dead from illness, 2: censored, 4: other cause;
x1, woman = 1/man = 2;

z1, thickness of the tumour;

29, Infection infiltration level (resistance high 1, low 4);
23, presence or not of epithelioid cells;

24, presence or not of ulceration;

25, Invasion depth (at levels 1, 2, 3);

26, age at the operation (in years).

Which of z;, ..., zs to include, for which purposes?
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Framework for model selection

Hazard rate in the Cox model:

hi(u) = ho(u) exp(z}B+ zi7y) fori=1,...,n,
Wlth Li = (xi,la SR 7ajz',p)t prOteCted7

z = (zi1,--.,2i4)" 1o choose from.

We focus on selecting models to estimate . = u(5, v, Hy),
like the survival probability, median survival time, relative
risk, average relative risk man vs. woman, etc.
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Foreach S C {1,...,q}: iits = 1(Bs, Vs, 0se, Hp 5),
where (as,~s) are Cox estimators in the model that only
uses z; ; for j € S, and

» o dN;(u)
H 7’ 1 .
o5t / D> i1 Yi(u) exp(x tﬁS*‘% 57s)

Too big S: too much variance, big confidence intervals,
low test power.

Too small S: bias, not capturing all effects.

Which S? Should we average across models?
Balancing model bias «— estimation variability.
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Limit distribution theory

Local misspecification framework:
Pigrae(t0) = ho(u) exp(atf + 216/v/n) fori=1,...,n,
The partial log-likelihood:

log L, ( Z/ tﬁ%—zv

Y;(u) = I{t; > u} and dNi(u) = I{t; € [u,u + dul,d; = 1}.
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Information matrix

Standard conditions imply that the (p + ¢) x (p + ¢) matrix
of - 2nd derivatives/n:

Jog  J
L(B.8/\m)n B = ( o f‘”) |
Jvﬁ Jw

All large-sample theorems will involve J;,; and its inverse
o JBs B JBs B
Jun = ( JB JW”Y) - ( JB K ) '

Estimated as Jun = — L (B, Jean) /0
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Limit distribution

QS — W%KSTFSK_l,
_ —10p _ Ou
W= J Jﬁﬁ [9J6] oy’

ko= { Tz Fo(t) — Fi(t)} 5

Ans = /n(its — piree) tends in distribution to Ag, which is
normal with mean and variance

w—r)Y I —Q¢)6 and 72+ (w— k)" QsKQ%L(w — k).
0 S
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A list of focus parameters
() Relative hazard:

h(s|x, z)
h(s|xg, 2)

= = exp{(z — x0)"B}.

It has w = exp(:ctﬂ)((]wjgﬁlx — z) while k = 0.

(i) Baseline hazard: u, = Hy(t) separately. Here w = 0
and x = J5.J 55 Fy(t) — Fi(t).

(1) Survival probability for a given individual:
pz = S(t|r, z) = exp{—exp(z'3 + z"7) Ho(t)},
w = —S(tlx,2)Hy(t)(JioJyg z — 2),
ko= —=S(tla, z) exp(a'B){Ji0 g9 Folt) — Fi(t)}.
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The Focussed Information Criterion

ldea: Find limiting risk, then estimate, and select model
with smallest risk estimate.

We have /n(jts — [ttrue) 4, Ag. Limiting risk for 1g:
risk(S) = variance + bias’

= 24 (w—K){(I — Qg)80" (I — Q)" + Qs KO Hw — k).

risk(S) = 724 (@ — R)H (I — Qg)(00" — K)(I — Q)"
—I—QsKQS}(w — /43).
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FIC for Cox regression models

Simplify and remove terms not depending on S. Consider
&fuu = (w—k)"'D and zﬁg = (w—K)"QgD

for estimating v = w'é based on D ~ N, (4, K'). We find

FlCS — (@Efuu — @25)2 + Q(W — li)tﬂngﬂs(w — /{).

The focussed information criterion, or FIC, takes the
model with smallest estimated risk.
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Model averaging estimators

Model selection schemes, like the AIC, BIC and the FIC,
take the form

= w,(S|0nn)s,
S

AN

where w, (S5|d) is indicator for the chosen set.

AN

More generally: any data-dependent w,,(S|0) with sum 1.

May smooth across all models, or only over some of
them, like the nested sequence 0,{1},{1,2},..., full.
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Main result

Hjort & Claeskens (2005)

For a general FMA (frequentist model average) estimator,
if w,(S[0) < w(S|D) for each S,

V(i = prire) — A= Ao + (w— k)0 — 8(D)}.

Here Ay ~ N(0,73), independent of D ~ N,(n, K), and
0(D) => ow(S|D)QsD.
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Focus s = Hy(t). Densities A for \/n(js — p2), for FIC,
AIC (solid lines), smoothed FIC, smoothed AIC (dashed
lines), based on 10,000 simulations from A at 5 = Vgl
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AlC, s 2log Ln,s(gsﬁs) —2(p+195])
BICn,S — 210g Ln,S(ﬁSajy\S) _ (p T ‘SD logna

Highest value gives the best model.

AlC, s : 22,23, 24,25, 2

BIC,s : 24,25

Use this model for ALL purposes.

FICL: p1 = exp{(z — 20)' 8 + (2 — 20)*7}
FIC2: uy = Hy(t) attime t = 3 years.
FIC3: uz = S(t|z, 2).
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vars AlIC vars BIC vars FIC1 | vars FIC2 | vars FIC3

23456  —527.2 | 45  —542.7 0 2.84 S 3.33 S 0.15
3456 —528.3 | 14 -543.0 2 411 | 25 4.09 6 0.18
12346 —-528.6 | 345 5440 | 260 4.17 | 235 411 | 46 0.18
123456 —-528.7 | 24 5447 | 25 430 | 56 415 | 16 0.18
2346  —529.6 4 —5449 | 256 435 | 356 4.15 | 56 0.19
13456 —529.7 | 3456 —544.9 6 463 | 125 4.40 | 146 0.19

6 Best values of the information criteria AIC, BIC and FIC
for focus parameters: (1) relative risk, (2) cumulative
hazard, (3) survival probability. ‘vars’ indicate the
selected variables among z1, ..., z.
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Extensions and concluding remarks

* The limit distribution A = A(¢) is a non-linear mixture of
biased normals, and is often quite nhon-normal.

* Can simulate from A(gfuu) to derive approximate
confidence intervals etc.

* Pretesting, backward and forward regression:. special
cases of the averaged estimators.
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