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Disconnecting graphs by removing vertices:
a polyhedral approach
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In this paper, we consider the problem of disconnecting a graph by
removing as few vertices as possible, such that no component of the
disconnected graph has more than a given number of vertices. We
give applications of this problem, present a formulation for it, and
describe some polyhedral results. Furthermore, we establish ties with
other polytopes and show how these relations can be used to obtain
facets of our polytope. Finally, we give some computational results.
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1 Introduction

In this paper, we consider the following problem. Given is a graph G=(V, E) and
an integer ¢ > 1. Deleting some vertex i € V' from the graph G results in the graph
(V\{i}, E\p({i})), where p(S):={{i,j} € E|i€ S,j € V}. The problem is now to
delete as few vertices as possible from G, while ensuring that the remaining graph
has no components containing more than ¢ vertices. We refer to this problem as
DG (which stands for ‘disconnecting graphs’). Another way of looking at this prob-
lem is the following: find a subgraph G'=(V'\S, E\p(S)) of G with |S| as small as
possible such that no component of G’ contains more than ¢ vertices. Notice that
for ¢=1 this is equivalent to the familiar independent set problem. So DG is a gen-
eralization of the independent set problem, and thereby it is NP-hard, and in fact,
hard to approximate as well.
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Problem DG arises in a variety of settings. For instance, suppose that one is given
a linear (integer) program with a corresponding constraint matrix 4 and some inte-
ger d > 1. Let us call two rows i,j of A connected if and only if there exists an /
such that a;+0 and aj +0. One is interested in assigning as many rows of A4 as
possible to so-called blocks such that no more than d rows are assigned to each
block, and a pair of rows assigned to different blocks is not connected. When a
constraint matrix can be brought into such a bordered block diagonal form, this
may help the solution process of the associated linear (or integer) program. This
interesting application of DG is described in BORNDORFER, FERREIRA and MARTIN
(1997, 1998) and Guprta (1997) (see their papers and the references therein for a
more elaborate description). It is not difficult to see how one can model an instance
of this problem as an instance of DG. Indeed, the graph G is constructed by cre-
ating a vertex for each row of 4, and by connecting two vertices if and only if the
corresponding rows of A are connected; further, let ¢:=d. (Notice that different
matrices may give rise to the same graph G.) Of course, the problem of decom-
posing constraint matrices need not be restricted to the area of integer linear pro-
gramming.

Another application of this problem can be found in the field of group technology
(see for instance HYER and WEMMERLOV, 1989 and the references therein). Given is
a set of machines My, M>,...,M,, and a set of parts Py, P,,..., P,. Furthermore,
a g xp {0,1}-matrix A4 is given with ;=1 if and only if part P; (j=1,...,p) has
to be processed on machine M; (i=1,...,q). Finally, an integer d > 1 is given. The
problem is now to maximize the number of parts produced by the machines such
that so-called production cells are identified consisting of parts and machines in such
a way that each cell contains no more than d parts, each part and each machine
occur in at most one cell, and no part has to be processed by machines in different
cells. Problems of this type are described in Crama and OosTEN (1996) and HADLEY
(1996). To model an instance of this problem as an instance of DG, we proceed as
follows. Construct a graph G=(V, E) by creating a vertex for each column of A4,
and by connecting two vertices i,j € V' if and only if there exists an A€ {1,...,q}
with ap; =a;;=1, and set c:=d.

In a more general context, DG can be seen as a way of identifying (a small set
of) vertices that are in some sense critical, that is, whose deletion from the graph
disconnects the graph into components (with a bounded number of vertices). Prob-
lems of this type that are related to DG occur for instance in routing problems in
telecommunication networks. In such a network, traffic between pairs of vertices
that wish to communicate with each other must be routed through the graph under
capacity constraints on the edges. A way of addressing this problem is described
in BArTOLACCI and Wu (1998): the network is partitioned into clusters of bounded
size (cf. DG) and a routing algorithm based on these clusters is proposed. BALAS
and DE Souza (2005) investigate a problem where, in a node-weighted graph, a mini-
mum-weight set of vertices needs to be deleted such that two, disconnected, bounded
components remain.
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Another problem related to DG is the so-called graph partitioning problem. Here,
one seeks to partition the vertices of some edge-weighted graph, while optimizing a
criterion dependent upon the edge weights (see for instance CHoPrRA and Rao 1993,
FERREIRA et al., 1996).

The goal of this paper is threefold. First, we present an integer programming for-
mulation for DG. This formulation is in the spirit of a formulation given by CraMa
and OosTEN (1996) for a related problem. Second, we investigate the polyhedral
structure of the formulation presented here, and its relationship with other well-stud-
ied polytopes, like the clique-partitioning polytope and the boolean quadric poly-
tope. In particular, we show that under certain conditions, facets are inherited from
other polytopes. Third, we indicate the potential of the formulation given here by
solving instances using a branch-and-cut algorithm. The paper is organized as fol-
lows. Section 2 gives a formulation of DG, section 3 presents some polyhedral
results, section 4 gives computational results, and section 5 presents the conclusions.

2 A formulation for DG

In this section we propose a {0, 1 }-programming formulation for DG. Given a graph

G=(V,E) with n=|V] and m=(;)

and an integer ¢ > 1 (referred to as the capacity), our formulation uses variables
»i€{0,1} and x;; €{0,1} for all i,j € V,i#/, where

yi=1 (iff vertex i€ V is not deleted from G
and
x;=1 1if vertices i,j € V' are assigned to the same component.

Notice that there is a variable x; present in the formulation even if {i,j} ¢ E. The
corresponding {0, 1 }-program reads as follows.

(DG1) Maximize Zyi

icv
Subject to x; +xux —xj <1 for all distinct i,j,ke V
Z xj<c—1 forallieV

JeV\{id
vi+yi—x;<1 forall {i,j}cE
x;€{0,1} forallijeV, i#j
y:i€{0,1} forallieV

(1)

The constraints x; 4 xj —xj <1 are called the triangle inequalities and they ensure
that, for any distinct i,j,k € V, if vertices i and j as well as vertices j and k are
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assigned to the same component, then vertices i and k must be assigned to the same
component. The constraints

Z xj<c—1

JeV\{i}

are called the capacity constraints, and they make sure that no more than c¢ vertices
can constitute a component. Furthermore, the constraints y; 4+ y; — x;; <1 are called
the connectivity constraints, and they imply that if two vertices i,j € V with {i,j} € E
are not deleted from G, then these vertices must be in a same component. Finally,
constraints x; €{0,1} and y;€{0,1} (i,j € V,i+#j) are the integrality constraints.

Let us now argue that (DG1) is a valid formulation for DG. The discussion above
implies that any feasible solution to DG satisfies these constraints. On the other
hand, consider a vector (x,y) € R”*" satisfying (1). One can derive a solution to
DG as follows: the set of deleted vertices is identified by the y-variables that equal
0. Next, consider the x-variables corresponding to pairs of not deleted vertices. It
follows from the connectivity constraints that if such a pair of vertices is connected
they are in a same component. Furthermore, since these x-variables satisfy the tri-
angle inequalities and the capacity constraints, they constitute a partition of the
associated vertex-set into components of no more than ¢ vertices.

Let us refer to the convex hull of all feasible solutions to (1) as P(G, ¢). Consider
the number of integer variables in (1). We have the following lemma.

LEMMA 1.Let (x,y) € R" x R" be a feasible solution to the Linear Programming relax-
ation of (DGI1) with y; € {0,1} for all i € V. Then there exists a feasible solution
(x,7)€{0,1}"*" to (DGI) with y;=y; for all ie V.

Proor. Notice that, if i,j,k € V" are such that y;=y;=y,=1 and {i,j},{i,k} € E,
then x; =x; =1 due to the connectivity constraints, and hence x; =1 due to trian-
gle inequalities. Let G; = (1, E}) be the subgraph of G induced by V1 ={ie V|y;=1}.
The observation above implies that x; =1 if i and j belong to the same component
of Gj. Define (x,y) by y;=y; for all i€ V" and X;;=|x;] for all i,j € V. Then (¥,))
is a feasible solution to (DG1). a

Thus, by Lemma 1 we can relax the constraints x; € {0,1} (i,j€ V,i#/) in (DG1)
to 0 <x; <1, so that the number of binary variables in (DG1) can be reduced to n.

Observe that formulation (DG1) can be casily extended to formulate more gen-
eral problems. In a situation where the objective function is more general than the
one considered here (for instance by considering weights for the edges of G, see
FERREIRA et al., 1996, for a problem of this nature), formulation (DG1) can be easily
adapted to incorporate this. In fact, all polyhedral results derived in section 3 for
(DG1) remain valid in such a setting.
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3 Polyhedral results

In this section, we deal with the facial structure of P(G,c). For an introduction to
the field of polyhedral combinatorics we refer to NEMHAUSER and WOLSEY (1988).
Apart from focussing on finding the facet-defining inequalities of P(G,¢) (section
3.3), we mainly try to exploit the relationship of P(G,c) with other, well-studied,
polytopes in order to be able to use existing results for these polytopes. This subject
is dealt with in section 3.2. In section 3.1, we investigate some basic properties of
P(G,c).

Let us first make the following easy observation concerning the facial structure
of P(G,c). The polytope P(G,1) is (isomorphic to) the independent set polytope,
and has dimension n. The polytope P(G,c) with ¢>2 is full dimensional, i.e. it has
dimension 1[V7|(|V'| + 1), because it contains the zero vector and all unit vectors. In
the sequel, we assume that ¢ >2.

Furthermore, for UC V and F C{{i,j}|i,j€ V,i#j}, we denote by x(U,F) €
{0, 1}"*™ the characteristic vector corresponding to U and F, that is x,(U,F)=1
if either ¢ € U or ¢ is associated with a pair of vertices in F, and x,(U,F)=0
otherwise.

3.1 Properties of the facial structure of P(G,c)

In this subsection we state conditions showing when a facet-defining inequality for
P(G,¢) for some G and c is facet-defining for other graphs and/or other capacities.
In other words, when do facet-defining inequalities for P(G, ¢) remain facet-defining
for other graphs and/or capacities?

THEOREM 1. Let G=(V,E) be a graph, ¢>2 an integer, and let (a,b)” (x,y)<aqy be
a facet-defining inequality for P(G,c).
(i) If, for any d > ¢, the inequality (a,b)T (x,y) < ao is valid for P(G,d), then
(a,b)T (x,y)<ay is facet-defining for P(G,d).
(i) If. for any E' CE, the inequality (a,b)” (x,y)<ag is valid for P(V, E'), ¢), then
(a,b)T(x,y)<ay is facet-defining for P(V,E"),c).

ProoF. Since (a,b) (x,y) <ay is facet-defining for P(G,c), there exists a set M of
dim(P(G, ¢)) affinely independent solutions satisfying (a, b)T(x, ) =ao. All solutions
in M are also contained in P(G,d) and P(G’,c), and these two polytopes have the
same dimension as P(G, c) (as ¢>2). Hence, the validity of (a,b)"(x,y) <ay is suffi-
cient. O

Theorem 2 gives sufficient conditions to lift a facet-defining inequality for P(G’, ¢)
to a facet-defining inequality for P(G,d) for d > ¢, where G’ is a vertex-induced
subgraph of G.
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THEOREM 2. Let G=(V,E) be a graph, let ¢ >?2 be an integer, let G'=(U, E(U)) be
a subgraph of G, and let

Z a;jXij + Z biyi <ag 2
i,jeU i€U
i#]
be a facet-defining inequality for P(G’,c) such that the following conditions hold.

(i) Inequality (2) is valid for P(G,d) for some integer d > c.

(ii) There exists an order (ei,...,e,) of the elements in E:={(i,j)|ic U,j€ V\U}
such that for each ey € E there exists (x,y) € P(G,d) satisfying (2) at equality
with x,, =1 and x,,=0 for all I=k+1,...,p.

(iii) For all i€ V\U there exists (x,y) € P(G,d) with y; =1 satisfying (2) at equality.

Then (2) is facet-defining for P(G,d).

PrOOF. As (2) defines a facet of P(G’,c) there exists a set M; of F|U|(|U|+1)
affinely independent solutions satisfying this inequality at equality. Let x( be the
incidence vector of one of the solutions in M;. Obviously, the following incidence
vectors belong to P(G,d) and satisfy (2) at equality.

Xo+x(@.{i.j}) VijeV\U, i#j 3)
By condition (i) there exists, for each e, € E, a point x*:=(x,y) € P(G,d) with
(a,b)"(x,y)=ag, x,, =1 and x,,=0 for all /=k+1,...,p. The set My:={x",....x"}
consists of p affinely independent points. Furthermore, by condition (iii), for all
i€ V\U there exists a vector (x,y) € P(G,d) with y;=1 satisfying (2) at equality.
These vectors, together with the ones described by (3) and the sets M and M,
yield exactly 3| V|(|V'|+1) affinely independent solutions in P(G,d) satisfying (2) at
equality. O

To end this subsection, let us give some easy-to-prove properties of P(G, c).

THEOREM 3. Let G=(V, E) be a graph, let ¢>2 be an integer and let (a,b)"(x,y)<ap
be any facet-defining inequality of P(G,c).

(i) The inequalities x; >0 (i,j € V,i+]) define (trivial) facets of P(G,c).

(ii) The inequalities x; <1 (i,j € V,i#J]) do not define facets of P(G,c).

(iii) The inequalities y; >0 (i € V') define (trivial) facets of P(G, c).

(iv) The inequalities y; <1 (i € V') define facets of P(G, c).

(v) ag>0.

(vi) For nontrivial facets: b; >0 for all i€ V.

PROOF.
(i) The zero vector and all unit vectors but one satisfy x; =0 (i,j € V,i+/) and
are affinely independent.
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(ii) The inequality x; <1 is the sum of the triangle inequalities x;; + xj — xp <1
and x; — xj + x5 <1, and hence it is not facet-defining.

(ii1) The zero vector and all unit vectors but one satisfy y;=0 (i € ') and are
affinely independent.

(iv) The following vectors satisfy y;=1 and are linearly independent.

x({i},9)
x({i}, {j,k}) foralljkeV,j+k
x({i,j}.{i,j}) foralljeV, j+i.
(v) + (vi) This follows from the fact that the y-variables form an independent
system (see page 237 in NEMHAUSER and WOLSEY, (1988)). O

3.2 Ties with other polytopes

In this subsection we study ties between P(G,c) and related polytopes. We prove
that under certain conditions facets of the clique partitioning polytope, facets of the
capacitated cligue partitioning polytope, facets of the (extended) maximal weighted
cliqgue polytope, facets of the boolean quadric polytope and facets of a polytope
denoted by P(G, B, c) each give rise to facets of P(G,c).

Let us first describe these polytopes. Given a complete graph K,=(V,,E,) on n
vertices with edge weights w; € R for all {i,j} € E,, the clique partitioning problem
(CPP) is described by

Maximize Z Wi Xjj
{i,j}EE
(CPP) subject to x;; +xu —x3 <1 for all distinct i,j,k eV,
x;€{0,1} for all {i,j} €E,

(4)

The facial structure of this polytope, called here P;FP, is extensively studied in

GROTSCHEL and WAKABAYASHI (1990), OosTEN, RUTTEN and SpIEKSMA (2001),
S@RENSEN (1995), and RUTTEN (1998).

In case one imposes a bound on the number of vertices in a clique (say c¢), we
arrive at the capacitated clique partitioning problem: add to (CPP) the inequalities

(CapCPP) > xy<c—1 forallicV (5)
JEV\{i}

The resulting polytope, called P;Y is studied in FAIGLE, SCHRADER and SULE-
TzKI1 (1987) (this polytope is called the c-restricted partition polytope in DUKHUIZEN
and FaI1GLE (1993). Given a graph G=(V, E) on n vertices, one could also add to
(CapCPP) the variables y; € {0, 1} for all i € V' and the appropriate connectivity con-
straints. This gives us the polytope P(G,c).

When one is interested in finding a single maximal weighted clique, one needs to
add the inequalities:

(Clique)  xjj+ Xj + X0 —xae —x3 <1 for all distinct i,/,k, /e V (6)
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The resulting polytope, called Pe9" is studied by DkHUIZEN and FAIGLE (1993).
PARk, LEE and PARk (1996) also study the problem of finding a single maximal
weighted clique; however, they introduce an extended formulation which looks as
follows:

Maximize Z Wi Xjj
{i.j}eE,
(EXCLIQ) subject to y;+y; —x; <1 for all {i,j} €E,
. <c
ZVy < ()
x;j—yi<0,x;—y;<0 forall {i,j}€E,
x;€{0,1} forall {i,j}€E,
yi€{0,1} forallieV,

This polytope, called PS<" here, is also investigated by MacAMBIRA and DE SOUZA
(2000) and SeRENSEN (2004). Observe that, when omitting constraints

Z)’ISC

i€y

from the above formulation, the Boolean quadric polytope (P3“*

been studied by PADBERG (1989).

Finally, consider now a formulation proposed by BORNDORFER et al. (1997) in the
context of decomposing constraint matrices, and by Kumar, Kusiak, and
VANELLI (1986) in a cell-formation context. This formulation has as an additional
input parameter an integer B € N, which is an upper bound on the number of com-
ponents to be formed. The formulation uses variables z; € {0, 1} for all i€ V' and
be{l,..., B}, where

) arises which has

- 1 if vertex i€ V' is assigned to component b
! 0 otherwise

The corresponding {0, 1}-program reads as follows.

B
(MD) Maximize Z Z Zip

ieV b=1
B
Subject toZzib <1 forallieV
b=1 ®)
Zz,-,,gc for all be{l,..., B}
icv

zp+zy <1 forall {i,j}€E,b,b' €{l,...,B}, bFb
zp€{0,1} forallieV,be{l,...,B}
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We denote the convex hull of all feasible solutions to (8) by P(G, B,c). Given
a vertex z € P(G, B, ¢) it is straightforward to construct a vertex (x,y) € R"™*" of
P(G,c). Set

B
Yi= § Zip
b=1

and x; =1 if there exists be {1,..., B} such that z; =z3 =1, and x; =0 otherwise.
Notice that different vertices of P(G, B, ¢) which correspond to permutations of the
components all give rise to the same vertex of P(G, ¢). This observation implies that
valid inequalities a'z <aqy for P(G, B, c) with ajy=a;s for each i€ V and all b,b' €
{1,..., B} can be turned into valid inequalities for P(G,c) by substituting

yizzzib-

b=1

Let us refer to inequalities for P(G, B, ¢) with a; =a;, for all i€ V and all b,b' €
{1,..., B} as block- invariant inequalities (see BORNDORFER et al., 1998). Thus a block-
invariant inequality can be written as

Za,Zz,b<ao )

eV b=1

Let us now summarize the relationships between the various polytopes introduced.

LEMMA 2 (INHERITANCE OF VALID INEQUALITIES).

(i) An inequality valid for P,*? is valid for Pyt for all n,c € N.
(ii) An inequality valid for P, YP" is valid for PCllque Sor all n,ceN as well as valid
for P(G,c).
(iii) An inequality valid for PClmlue is valid for P(G,c) if G is a clique, for all c € N.
(iv) A block-invariant inequality valid for P(G, B, ¢) is valid for P(G, c) when substi-
tuting
B

y[=Zz,-b fori=1,...,n

b=1

(v) An inequality valid for P(G,c) is valid for P& for all n,ceN.

Proor. Straightforward. O

A graphical representation of Lemma 2 is given in Figure 1.
Of course, a more powerful result would concern the facetness of inequalities in-
stead of their validity. Given a facet-defining inequality aTx < ao of PP (P3“*%) there
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P(G, B, ) capepp perp

) O

invariant

G is a clique \\)Pﬁ}ique

Fig. 1. Inheritance of valid inequalities.

exists a set M, of dim(PFP) (dim(P3"*®)) affinely independent solutions satisfying
this inequality at equality. Let us denote by k37" (kf‘v}’fd) the size of the largest clique

(in terms of number of vertices) present in a solution in M,, and let

kPP :=min{k, : M, affinely independent,
|M,|=dim(PPP), a’ x = agVx € M, }

(kduad :=min{k}2fid : M, affinely independent,

|M,| = dim(P3%9), aTx = ag¥x € M, }).

LEMMA 3 (INHERITANCE OF FACETS).

(i) An inequality a'x <ay facet-defining for P;¥* is also facet-defining for Pp'Y™?
for all ¢> kPP,

(i) An inequality a"x <ay facet-defining for Py*® is facet-defining for P(G,c)
for all graphs G=(V,E) with |V|=n. '

(iii) An inequality a*x < aqy facet-defining for PS" which is valid for P(G,c) is
facet-defining for P(G,c) for all graphs G=(V,E) with |V|=n.

(iv) An inequality a*x < ay facet-defining for PI"* is also facet-defining for P(G, c)
for all ¢> k3 and for all graphs G=(V,E) with |V|=n.

(v) A block-invariant inequality

B
Zbizzibﬁbo (10)

icV  b=1
© 2007 The Authors. Journal compilation © 2007 VVS.
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facet-defining for P(G, B, c) is facet-defining for P(G,c) when substituting

B

J’i:ZZib fOl" i=1,...,n.

b=1

PRrROOF.

(i) Let M, be a maximal set of affinely independent solutions such that k;ﬁfz

ka*®. Then M, C P,Y*? for ¢ >k,, and from dim(P;t"")=dim(P,;"") it fol-
lows that aTx <ay defines a facet of P, PP,

(i) Let M be a maximal set of affinely independent solutions in P,’F*P, and let
Xo be the incidence vector of one of the solutions in M. The set M together
with the set {xo+ x({i},9D)|i€ V'} is still affinely independent and has cardi-
nality dim(P(G, ¢)).

(iii) Notice that any feasible solution of P is also feasible in P(G,c); thus,
since |V|=n and dim(P£<"%) = dim(P(G, ¢)) the result follows.

(iv) Let M, be a maximal set of affinely independent solutions such that k%,‘;fd =
k3" Then M, C P(G,c) for ¢>k,, and from dim(P3"*)=dim(P(G, ¢)) it
follows that aTx <ay defines a facet of P(G,¢).

(v) Consider inequalities (10) and substitute y; for >, z; for all i. Let

F:={(x,y)€P(G,0)|(0,h)"(x,y)=by}

and suppose that F is not a facet of P(G,c). Then there exist (p,q) € R"*"
and py € R such

D ity 4ivi=po (11)
iL,jev i€V
i#]
for all (x,y)€ F. Consider now, for all (x,y)€ F, all pairs of distinct vertices
i,j € V. Two situations can occur.
(1) There exists (x,y) € F with y;+y; <1. Then p; =0, because the solution
with x; =0 as well as the solution with x; =1 are in F.
(2) All (x,y)e F have y;=y;=1. This implies that the face induced by (10)
is contained in the hyperplane

B
Z(Zib +zp)=2,

b=1

a contradiction, since (10) defines a facet of P(G, B, c). Hence p; =0 for
all i,je V,i#j. Thus (11) boils down to

Z qiVi = Do
eV
which is satisfied by all (x,y) € F, and hence
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P(G,B,¢) e PP PP

¢ > kg™ Q

invariant

Fig. 2. Inheritance of facet-defining inequalities.

B

E qi Zip=Po
i€V b=l

holds for all z € P(G, B, c) satisfying (10) at equality. Thus, (p,q,po)=
p-(a,b,ay) for some >0, and we conclude that (v) holds. g

A graphical representation of Lemma 3 is given in Figure 2.

Lemma 3 gives us quite some information concerning the facetness of inequalities
for P(G, ¢). Using this lemma and the results described in FAIGLE (1987), GROTSCHEL
and WAKABAYASHI (1990), OosTEN (1996), BORNDORFER et al. (1998), PARK et al.
(1996), and BANDELT et al. (1999), one can conclude for a number of classes of
inequalities that they are facet-defining for P(G, ¢) for some ¢ >2. Here, we mention
the following examples listed as corollaries.

CorOLLARY 1. Consider the circuit inequalities defined by FAIGLE et al. (1987). Let
C={v1,...,0.41} C V. The corresponding circuit inequality is given by

Xo vy Xog 03+ Xpy 0 SC— 1

These inequalities define facets of P(G,c).

Proor. This follows from Lemma 3 and the fact proven in FAIGLE et al. (1987) that
these inequalities define facets of P,'¢"P. O
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COROLLARY 2. Another example is the class of the two-partition inequalities intro-
duced by GROTSCHEL and WAKABAYASHI (1990) (see also BANDELT et al., 1999). Let
S, T CV be two disjoint subsets of vertices. The corresponding two-partition inequality
is given by

D3 xi—= > xy— > xy<min{|S],|T|} (12)

i€S jeT i,jes i,jeT
i#) i

These inequalities define facets of P(G,c) for all ¢>4 if and only if |S|+#|T)|.

Proofr. This follows from Lemma 3, the proof in GROTSCHEL and WAKABAYASHI
(1990) that these inequalities define facets of P;?® and the observation that k, <4
in this proof. U

Notice that Corollary 2 implies that the triangle inequalities [which occur in the
LP-relaxation of (DG1)] are facet-defining for P(G, ¢).

CoROLLARY 3. Let us now consider the clique inequalities introduced by PADBERG
(1989) (see also PARK et al., 1996; MACAMBIRA and DE SOUZA, 1997). Let G=(V,E)
be a graph, let c,p be two integers with c>p+1, and let U CV be such that (U, E(U))
is a clique in G. Then the inequality

1
Py yi— > xi,-<<pJ2r> (13)

ieU {i,j}€E(U)

defines a facet if and only if |U|>p+2.

PROOF. As PARK et al. (1996) show that these inequalities are facet-defining for Pﬁf‘g“q,
it follows from Lemma 3 that the validity of these inequalities for P(G, ¢) ensures that
they are facet-defining. Validity follows by observing that for a fixed p the left-hand
side of (13) is maximal if either p or p 4 1 vertices from U are assigned to a component,
and in that case the left-hand side and the right-hand side of (13) are equal. O

Observe that for p=1 and |E(U)|=1 in (13) the connectivity constraints arise.
Notice that other facet-defining inequalities of P&"@ may violate the validity condi-
tion that is required to ensure facetness for P(G, ¢). This happens for instance with
the so-called cut inequalities described in PADBERG (1989) that are facet-defining for
Pf;f‘th (see PARK et al., 1996; MacaMmBIrRA and DE Souza, 1997).

BORNDORFER et al. (1998) describe several classes of valid and facet-defining block-
invariant inequalities for P(G, B, c), each of which is, by Lemmas 2 and 3, valid
and facet-defining for P(G, ¢). Here we list only those classes which are used in our
branch-and-cut algorithm (see section 4).
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Let W CV with |W|=c+k be such that the induced subgraph (W, E(W)) of G
is k-vertex-connected. Then the inequality

B
Y>> m<e (14)

icWbh=1
is valid for P(G, B, ¢). It is facet-defining for P(G, B, ¢) if and only if for each i¢ W
there exists some vertex cut N in (W U{i}, E(W U{i})) of size k with i ¢ N (see
BORNDORFER et al., 1998). Hence, we have Corollary 4.

CoROLLARY 4. Let G=(V,E) be a graph, ¢ >2 an integer, and let W CV with
|W|=c+k be such that (W ,E(W)) is k-vertex-connected. Then the generalized cover
inequality
> yi<e (15)
iew
is valid for P(G,c). It defines a facet if for all i ¢ W there exists some vertex-cut N
in (WU{i}, E(WU({i})) of size k withi¢ N.

Proor. This follows from Lemma 3 and the proof in BORNDORFER et al. (1998) that
these inequalities define facets of P(G, B, ¢). d

In a similar fashion, we can deduce the following two corollaries.

CoRrOLLARY 5. Let G=(V,E) be a graph, ¢>?2 an integer, and let W CV be such
that (W,E(W)) is a cliqgue of G. Then the capclique inequality

Y wi<e (16)
iew
is valid for P(G,c). It defines a facet if |W|>c+1 and for each vertex i ¢ W there
exists UC W with |U|=c, such that i is not adjacent to any vertex in U.

Proor. This follows from Lemma 3 and the proof in BORNDORFER et al. (1998) that
these inequalities define facets of P(G, B, c). O

Notice that the condition in Corollary 5 implies maximality of the clique W.
COROLLARY 6. Let G=(V,E) be a graph, ¢>2 an integer, and let i € V' be such that

|N(@@)| > c. Then the star inequality

(IND|=c+D)-yi+ > 3 <ING)| (17)
JEN()

is valid for P(G,c).

Proor. Trivial. O
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3.3 More facets of P(G,c)

In this section, we show that all facet-defining inequalities with right-hand side 1
are contained in the previous section and we describe some more classes of facet-
defining inequalities.

THEOREM 4. Let G=(V,E) be a graph and let ¢ >4 be an integer. All facet-defining
inequalities of P(G,c) with integral coefficients and right-hand side 1 are given by the
inequalities y; <1 for i €V, the two-partition inequalities [see (12)] with |S|=1 and
inequalities (13) with p=1.

ProOF. We prove the theorem by showing that any inequality (a,5)"(x, y) <1 valid
for P(G,c) is implied by one of the inequalities mentioned above. Obviously, no b;
(i€ V) can have value 2 or more. Let D={i € V|b;=1}. For each pair i,j € D, we
have {i,j} € E (otherwise there exists a solution that violates the inequality). So D
corresponds to the vertices of a clique in G. We distinguish three cases.

Cast 1. [D| >2. It is evident that all coefficients a; with i ¢ D or j¢ D (or both) can
have value 0 at most. Consider now any edge {i,j} € E with i,j € D. Its coefficient
can be at most —1, because otherwise we take y; =y; =x; =1 and all other variables
0, which would violate the inequality. Thus in this case, a valid inequality is implied
by (13) with p=1.

Cask 2. |D|=1. Consider any pair #,j € V. The value of its corresponding coefficient
a; can be at most 0. Hence, a valid inequality of this form is implied by the upper
bound constraints y; <1.

Case 3. D=@. Obviously, no a; with i,j € V' can have a value 2 or more. Moreover,
any two edges with coefficient 1 must have a vertex in common, say vertex s. Let
T ={ieVl]a;=1}. Now, the coefficient of a;; (i,j € T') can be at most —1 (otherwise
consider x,; =xz =x; =1 and all other variables 0). It follows that a valid inequality
of this form is implied by the two-partition inequalities with |S|=1. O

Let us finally provide three classes of facet-defining inequalities related to specific
structures in the graph G.

THEOREM 5. Let G=(V,E) be a graph, let ¢ >3 be an integer, and let i,j,k €V be
such that {i,j},{i,k} € E and {j,k} & E. Then the inequality

Vit Yy =X <2 (18)
is valid and facet-defining for P(G, c).
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Proor. Obviously, the inequality is valid. The following six solutions are linearly
independent and satisfy (18) at equality.

x(niAnh) x@. k3 A{igh)
x(i.kp A k) x{L kA kY
x({7. k50 x({ij. kY EQLi). kD)
Consider all pairs of distinct vertices /,me V\{i,/,k}. The following incidence vec-

tors satisfy (18) at equality, and each incidence vector has a nonzero entry at a po-
sition where all the previous incidence vectors had a zero entry.

X, k3, 40,13 })

x({i &}, {{i. k}, 4,11
x({k, 13, {{i.j}. {k, 11}
x({i.j. k}. E({). k. 13))
Xk} {{7,m}})

Together this yields dim(P(G,c)) linearly independent solutions satisfying (18) at
equality. O

We will refer to these inequalities as K ;-inequalities.

THEOREM 6. Let G=(V,E) be a graph, let ¢ >3 an integer, and let U:={i,j,k, I} CV
be such that (U,E(U)) is a clique in G. Then the arrow inequality (see Figure 3)

Y{i.J 1) +xiue — x(E{), k, 1})) <2 19)
is valid and facet-defining for P(G, c).

Proor. It is easy to check that (19) is facet-defining for P(Ky, 3) and valid for P(G, ¢).
In order to prove that the arrow constraints define facets of P(G, c) whenever Ky is
a subgraph of G we use Theorem 2. For each me V\U set

Xow s =X AL 13 {j.m) )
X = x U0, 13, {40, 13, {ke,m}})
Xon: =x ({0}, ({0}, {Lm}})
X =X/}, E{i.j,m}))

Fig. 3. The support of an arrow inequality.
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and define M, :={x},,...,x}|me V\U}. Furthermore, define

Ms:={x({i.j,m}, E{i,j,m})|lme V\U}

The set M, shows that condition (ii) of Theorem 2 is fulfilled, and M3 shows that
condition (iii) holds. Hence, the arrow constraints define facets of P(G, ¢). O

THEOREM 7. Let G=(V,E) be a graph, let ¢ >3 be an integer, and let C:={v;,v,,
v3, U4} be a subset of V that induces a cycle in G. Then the four-cycle inequality

Y(C) = Xy vy = Xuy, 0 <2 (20)
is valid and facet-defining for P(G, c).

Proor. Straightforward when using Theorem 2. |

Notice that although the facets of Theorems 5, 6, and 7 have support graphs with
at most four nodes, straightforward lifting of these facets (e.g. using Theorem 2) can
produce inequalities with larger support graphs.

4 Computational results
4.1 Branch-and-cut algorithm

We implemented a branch-and-cut algorithm for DG based on (DG1) that uses
the results described in Section 3. The structure of the branch-and-cut algorithm is
depicted in Figure 4. The linear programs were solved with GLpk 4.8, the GNU Lin-
ear Programming Kit (see GLPK). The linear programming solver was embedded
in a branch-and-cut algorithm, which was written in C. All computations are per-
formed on a AMD Athlon 2600+ processor running Linux.

Our algorithm does not differ much from standard branch-and-cut algorithms,
except that at several points we could benefit from specific knowledge of the prob-
lem instances we wanted to solve. The objective for all instances, consisting of a
graph G=(V,E) and an integer ¢ > 1, is to maximize the number of vertices of G
that can be assigned to some component such that no component has more than ¢
vertices. If i,j € V,i+#j are such that N(i) C N(j) and there exists an optimal vertex
assignment in which vertex j is assigned to some component, then there also exists
an optimal vertex assignment in which vertex i is assigned to some component. The
same holds if {7,j} € E and N()\{j} C N(j)\{i}. This implies that, for i,j€ V,i#j
with N()\{j} CN()\{i}, we can add the inequality y; >y; to our linear program,
although it is not valid for P(G,c), but at least one optimal integral solution is not
cut off by this inequality. If N()\{j} =N()\{i} we add only one of the inequalities
yi<y; and y; > y;, because otherwise all optimal solutions could be cut off, namely
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Preproces
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A n <
Delete constraints
Generate constraints
Success ? ", Branch Add nodes >

y
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Fig. 4. Structure of the branch-and-cut algorithm.

if it is optimal to assign exactly one of the vertices i and j. Constraints of this type
are added to the linear program in the preprocessing phase of our algorithm, and
they are never deleted later on. Our initial linear program consists of the capacity
constraints and the connectivity constraints. The ‘cutting’ part of our branch-and-
cut algorithm uses the following classes of (facet-defining) inequalities.

1. The K] »-inequalities: for all distinct ,j, k € V" with {i,j}, {j, k} € E the inequal-
ity yi+y; + yx — xic <2 must be satisfied. Searching violated K| »-inequalities is
done by enumeration. The number of K ;-inequalities is O(n*) and enumera-
tion can be done fast.

2. The cover inequalities (15) with |W|=c+k. We use the following heuristic to
separate cover inequalities with k=1 and k=2 (compare BORNDORFER e al.,
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1998). Searching W C V' such that (W, E(W)) is two-vertex connected is done
as follows.
For each edge {i,j} €E
Begin
Set W:={i,j} and N:=N({)NN()
While (N #9) and (|W|<c+2) do

Begin
Choose /e N
W.=wuU{l}
N:={ve V\W:|E({v}, W) >2}
End
If |W|=c+2— Check cover inequality
End

In the worst case, this takes O(n’c?) time.

3. The star inequalities (17). The number of star inequalities is linear in 7, and
therefore separation for this class is simply done by enumeration.

4. The four-cycle inequalities (20). Searching violated inequalities in this class is
done by enumeration, which takes O(n*) in the worst case.

5. The clique inequalities (13) and the capclique inequalities (16). Finding vio-
lated inequalities in these classes requires the search for a (maximal) clique in
G (see TsUKIYAMA et al., 1977). Maximal cliques in G can be constructed via a
recursive algorithm as follows. We assume that there is an order (vy,...,v,) of
the vertices in V. Call the subroutine ‘Clique’ with U=@ and N =V, where
Clique has the following structure.

Clique(U, N)
Begin
k:=min{/|(v; € N)A(I>max{m|v,, € U})}
While (k<n) do
Begin
U:=UU {Uk}
N :={veN|{v,u} €E}
if (N'=0) — U is maximal clique
else Clique(U, N)

U:=U\{v}
k:=min{/|(vye N)A(I>k)}
End

End

Notice that Clique is an exact algorithm for finding all maximal cliques in a
graph and hence has exponential running time in the worst case. For the in-
stances we considered it is very fast. Whenever a (maximal) clique-inducing
subset U C V' has been constructed, the corresponding inequalities (13) and
(16) are checked. Violated inequalities are added to the current linear program.
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6. The arrow constraints (19). Searching violated arrow inequalities is done by
enumeration, which takes O(n*) in the worst case.

7. The triangle inequalities x; 4+ xy — xj <1 for all distinct i,j,k € V. Separation
is done by enumeration.

Each class of cutting planes is searched only if the number of violated inequalities
found in all the previous classes is less than a given number. The class of triangle
inequalities is searched only if the current solutions satisfy all integrality conditions
and no other violated inequalities are found.

The branching part of our algorithm uses a depth-first search. We branch on the
variable y; (i € V) for which min{y;, | —y;} is maximal. If y;<0.5 we first examine
the branch corresponding to y; =0, if y; > 0.5 we start with the case where y;=1.

Recall that we described in section 1 the problem of bringing a constraint matrix
into bordered block diagonal form as an instance of problem DG. In fact, BORNDOR-
FER et al. (1998) took a subset of the constraint matrices in the MIPLIB and NETLIB
problem libraries as their test set using formulation (MD) (available at: ftp:/ftp.zib.
de/pub/Packages/mp-testdata/madlib/index.html). We use the same test set here, and
to keep the number of variables in the LPs within reasonable bounds, we restricted
ourselves to those instances with at most 100 vertices. For the MIPLIB instances we
used ¢=[1.05-|V|/2] as the value for the capacity, and for the NETLIB instances we
used ¢=[1|V[] (see BORNDORFER et al., 1998). Notice that BORNDORFER e al. (1998)
solve formulation (MD) with B =2 for all instances arising from the MIPLIB problem
library, and with B=4 for all instances from the NETLIB problem library. That is,
they require a partition of the assigned vertices into at most two and four compo-
nents, respectively. In our case, we allow for an arbitrary number of components,
thus we solve a different problem. Obviously, it follows that the value of an optimal
solution we find may differ from the one found by BORNDORFER et al. (1998); in fact,
the optimal value found there is a lower bound for our problem.

Each instance was allotted at most 1 hour of computing time. The performance
of our branch-and-cut algorithm on these instances is given in Tables 1 and 2. Both
tables have the same structure. The first column lists the name of each problem, and
the next three columns give the size of the corresponding graph (number of vertices,
and number of edges) and the capacity. The next three columns list the computing
time (in minutes and seconds), the number of nodes in the branch-and-bound tree,
and the number of iterations needed (an iteration consists of one round of adding vio-
lated inequalities and reoptimizing the linear program). The last three columns give
the used lower bound (as described before, we use the value found in BORNDORFER
et al. (1998) as a lower bound for our problem instances), the best solution found
(which is a lower bound for the optimum in case the problem is not solved within
1 hour), and the best known upper bound (which is of course equal to the best solu-
tion if the problem is solved to optimality within the allowed computing time).

The results in Tables 1 and 2 show that a branch-and-cut approach based upon
formulation (DG1) is a viable approach to solving instances of DG. From the 28
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Table 1. Computational results of the MIPLIB instances.

Name 4 |E| ¢ Time Nodes Iter. Lb. Ob;. Ub.
mod008 6 15 4 00:00 1 4 4 4
stein9 13 66 7 00:00 5 11 7 7 7
p0040 13 30 7 00:00 1 3 10 10 10
p0033 15 40 1 00:00 1 2 12 12 12
gtl 15 61 8 00:01 7 14 10 10 10
flugpl 16 28 9 00:00 5 9 14 15 15
bm23 20 190 11 00:00 1 2 11 11 11
enigma 21 118 12 00:08 15 44 12 12 12
air01 23 137 13 00:00 5 8 20 21 21
rgn 24 75 13 00:02 91 224 19 19 19
pipex 25 153 14 00:12 7 28 16 16 16
Iseu 28 136 15 00:06 9 41 21 21 21
gt2 28 173 15 00:24 7 35 17 17 17
sentoy 30 435 16 00:00 1 3 16 16 16
steinl5 36 350 19 60:00 3193 14517 19 19 24
misc02 43 454 23 03:52 36 149 28 29 29
sample2 45 97 24 06:20 469 963 41 41 41
air02 50 1126 27 04:55 21 91 28 29 29
misc01 54 929 29 60:00 57 460 30 31 40
mod013 62 144 33 00:11 17 35 56 56 56
mod014 74 127 39 00:02 3 8 72 72 72
Ip4l 85 1644 45 60:00 1 147 50 50 67
bell5 87 226 46 05:15 19 128 83 83 83
p0291 92 521 49 14:18 11 116 85 85 85
misc03 96 2894 51 60:00 1 85 52 52 76
1152lav 97 1866 51 60:00 1 96 61 61 78
khb05250 100 1323 53 60:00 2 95 75 75 83
harp2 100 1225 53 45:51 5 94 83 &3 83

Table 2. Computational results of the NETLIB instances.

Name 14 |E| ¢ Time Nodes Iter. Lb. Obj. Ub.
seba 2 0 1 00:00 1 1 2 2 2
afiro 20 20 5 00:00 1 2 18 18 18
fitld 24 228 6 00:07 15 49 8 8 8
fit2d 25 279 7 01:41 25 79 7 7 7
sc50b 28 110 7 00:02 31 91 17 17 17
sc50a 29 95 8 00:01 13 29 21 21 21
kb2 39 330 10 00:14 41 81 25 25 25
vtpbase 51 354 13 02:06 41 166 37 37 37
bore3d 52 615 13 08:55 59 221 29 29 29
adlittle 53 239 14 00:16 11 39 43 43 43
blend 54 548 14 12:50 55 249 34 34 34
recipe 55 129 14 00:00 1 3 54 55 55
scagr’7 58 661 15 05:18 41 110 37 37 37
scl105 59 35 15 09:30 205 619 43 43 43
stocforl 62 272 16  01:02 19 59 52 52 52
scsdl 77 202 20 60:00 49 223 69 69 70
beaconfd 90 1199 23  60:00 2 136 64 64 68

share2b 93 619 24 60:00 121 445 84 84 85

MIPLIB instances we can solve 22 within 1hour of computing; for the NETLIB
instances we can solve 15 of 18. The number of nodes in the branching tree is very
modest for all but one of the problem instances, as is the number of iterations.
Another interesting question is whether allowing an arbitrary number of compo-
nents improves the solution compared to having an upper bound of 2 (Table 1) or 4
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Table 3. Generated cutting planes for the MIPLIB instances.

Name K Cover  Star Cycle Clique  Arrow Triangle Total
mod008 0 0 0 0 0 0 0 0
stein9 129 1 13 463 4 0 0 610
p0040 165 0 3 0 0 0 0 168
p0033 89 0 0 0 0 0 0 89
gtl 359 0 6 336 0 0 0 701
flugpl 36 0 0 0 0 0 325 351
bm23 0 0 20 0 9 0 0 29
enigma 2052 1 1 4149 0 0 0 6203
air01 120 101 0 99 0 0 0 320
rgn 984 0 0 160 3 101 0 1248
pipex 2124 23 15 3265 0 0 0 5427
Iseu 1178 10 6 1630 0 12 0 2836
gt2 1747 0 14 4135 0 0 0 5896
sentoy 0 0 30 0 0 0 0 30
steinl5 392,387 0 1 683,066 802 7829 0 1,084,085
misc02 6752 0 3 13,909 437 442 418 21,961
sample2 2670 0 0 681 0 0 13,200 16,551
air02 1794 0 71 13,381 0 4355 177 19,778
misc01 20,818 0 42 77,771 688 1503 1101 101,923
mod013 1643 0 0 641 0 0 0 2284
mod014 576 0 0 9 0 0 800 1385
Ip4l 29,646 0 2 103,600 209 0 0 133,455
bell5 1068 407 0 146 3 5 7600 9229
p0291 11,736 31 0 8487 0 190 0 20,444
misc03 33,239 0 32 0 0 0 0 33,271
1152lav 28,632 0 2 8000 0 0 0 36,634
khb05250 17,841 0 0 12,400 0 0 0 30,241
harp2 31,646 0 16 2656 0 0 0 34,318

Table 4. Generated cutting planes for the NETLIB instances.

Name K Cover Star Cycle Clique Arrow Triangle Total

seba 0 0 0 0 0 0 0 0

afiro 27 0 0 0 0 0 0 27

fitld 409 0 43 3072 242 606 0 4372

fit2d 840 0 66 6879 5500 1048 0 14,333

sc50b 1065 36 12 289 40 20 0 1462

sc50a 536 3 1 334 5 0 0 879

kb2 2222 330 1970 36 140 0 4401

vtpbase 6124 80 35 8835 37 96 0 15207

bore3d 9623 0 49 19,954 0 1601 0 31,227

adlittle 2012 0 2 1453 0 104 0 3571

blend 13,922 1 18 24,571 16 916 0 39444

recipe 14 0 0 0 0 0 14 28

scagr? 2474 0 39 7886 0 2932 0 13,331

scl05 18,943 15 1 22,186 7 659 400 42,211

stocforl 2548 9 0 1634 0 198 0 4389

scsd1 3418 209 0 698 9 5 16,400 20,739

beaconfd 8532 0 26 41,380 0 779 0 50,717

share2b 7591 1558 8 7999 10 225 12,400 29,791

(Table 2). Indeed, comparing columns ‘Lb.” and ‘Obj.” in these tables indicates when
allowing more than 2 (4) components is beneficial. We observe that in at least six of
the 46 cases allowing an arbitrary number of blocks yields a better solution (flugpl,
air01, misc02, air02, miscO1, and recipe).
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Furthermore, we have kept track of the numbers of the different types of cut-
ting planes that we generated for each instance (see Tables 3 and 4). It is interest-
ing to see that all classes of inequalities are used, and that, apart from the K
inequalities, the cycle inequalities are the ones most often found. This might sug-
gest that lifting these inequalities is a promising possibility to find more effective
cutting planes.

4.2 The influence of varying capacity

Another issue we investigated is the influence of the capacity on the number of com-
ponents in an optimal solution and the hardness of the problem. To do this, we fixed
four values of ¢, namely 3, 5, 10 and 15 and ran, for each value of ¢, each of the
fourteen smallest MipLIB instances. The results can be found in Table 5. Notice that
the value of the lower bound mentioned in these tables is found using the value of
an optimal solution to an instance with a smaller value of ¢. To be precise, with
c1=3,c0=5,c3=10 and ¢4 =15, let opt(c;) equal the optimal value of an instance
with capacity ¢; and let Lb; denote the lower bound used in an instance with capac-
ity ¢; (i=1,2,3,4). We have: Lb; =min{max{c;, opt(c;—1)},n} for i=1,2,3,4, with
opt(cp)=0. From the results in Table 5 it seems difficult to make a general statement
regarding a relationship between the capacity and the hardness of the problem. Note
that the instances mod008, bm23, and sentoy correspond to complete graphs, which
makes it easy to find the optimal solution independent of the capacity. However,
when looking at instances enigma, rgn, Iseu, and gt2 one might conclude that they
tend to get more difficult with increasing capacity.

5 Conclusions and summary

In this paper, we propose formulation (DG1) for the problem of disconnecting graphs
by removing vertices (problem DG). We study the facial structure of the polytope
associated with (DG1). This is mainly done by establishing ties with other polytopes,
notably the (capacitated) clique-partitioning polytope and the boolean quadric poly-
tope. It turns out that a number of facet-defining inequalities for this polytope
remain facet-defining for the polytope associated with (DG1). We characterize all
facet-defining inequalities with right-hand side 1.

Furthermore, we have done some computational experiments by implementing a
branch-and-cut algorithm using the polyhedral results derived. Although it is tempt-
ing to compare the results of BORNDORFER et al. (1997, 1998) for (MD) with the
results presented here, one should be careful in doing so, because in BORNDORFER
et al. (1997, 1998) a different problem is solved because of restricting the number
of components to be found.

From our computational results we conclude that (DG1) is a useful model, at least
for modest problem instances. Using a relatively simple code, we could solve most
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Table 5. Computational results for varying capacity.

Name c Lb. Ob;. Nodes Iter.
mod008 3 3 3 1 2
[V|=6 5 5 5 1 1
|E|=15 10 6 6 1 1

15 6 6 1 1
stein9 3 3 3 19 39
[V|=13 5 5 5 17 32
|E|=66 10 10 10 1 3

15 13 13 1 1
p0040 3 3 10 1 5
[V|=13 5 10 10 1 3
|E|=30 10 10 10 3 6

15 13 13 1 1
p0033 3 3 9 12 33
V=15 5 9 10 8 16
|E|=40 10 10 13 3 8

15 15 15 1 1
gtl 3 3 9 2 9
[V|=15 5 9 9 3 7
|E|=61 10 10 11 7 12

15 15 15 1 1
flugpl 3 3 11 8 14
[V|=16 5 11 14 1 4
|E|=28 10 14 15 5 10

15 15 15 1 3
bm?23 3 3 3 1 2
|[V|=20 5 5 5 1 2
|E|=190 10 10 10 1 2

15 15 15 1 2
enigma 3 3 10 7 29
[V|=21 5 10 10 9 34
|E|=118 10 10 11 23 57

15 15 15 7 20
air0l 3 3 6 6 19
|[V|=23 5 6 10 7 19
|E|=137 10 10 18 6 19

15 18 22 1 5
rgn 3 3 12 9 20
|[V|=24 5 12 14 180 435
|E|=175 10 14 19 10 35

15 19 19 205 495
pipex 3 3 16 1 8
|[V|=25 5 16 16 1 4
|E|=153 10 16 16 5 14

15 16 16 17 50
Iseu 3 3 18 1 14
|[V|=28 5 18 18 5 18
|E|=136 10 18 20 35 121

15 20 21 22 79
gt2 3 3 17 1 9
|[V|=28 5 5 17 1 4
|E|=173 10 17 17 3 19

15 17 17 7 35
sentoy 3 3 3 1 2
[V]=30 5 5 5 1 2
|E|=435 10 10 10 1 2

15 15 15 1 2
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instances with up to 100 vertices by branch-and-cut without evaluating more than
500 nodes or 1000 iterations (only one instance required more nodes and iterations,
and it was not solved within 1 hour). More knowledge of the polyhedral structure
of P(G,c) will probably make it possible to solve larger problem instances.
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