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Abstract We discuss two special cases of the three-dimensional bottleneck assign-
ment problem where a certain underlying cost function satisfies the triangle inequality.
We present polynomial time 2-approximation algorithms for the broadest class of these
special cases, and we prove that (unless P = NP) this factor 2 is best possible even in
the highly restricted setting of the Euclidean plane.

Keywords Bottleneck problem · Multidimensional assignment · Approximation ·
Computational complexity · Efficient algorithm

1 Introduction

This note deals with the three-dimensional bottleneck assignment problem, which can
be described as follows: Given are three n-element sets R, G, and B whose elements
are called red, green, and blue points, respectively. A feasible triple (or just triple, for
short) consists of one red point, one green point, and one blue point. Every feasible
triple (i, j, k) ∈ R × G × B is associated with a cost ci jk . A feasible solution consists
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8 D. Goossens et al.

of n feasible triples that together contain all 3n points in R ∪ G ∪ B. The goal in the
three-dimensional bottleneck assignment problem is to find a feasible solution that
minimizes the maximum cost over all triples in the solution.

We consider two special cases of the three-dimensional bottleneck assignment prob-
lem, in which the costs arise from a certain underlying distance function d that assigns
to every two points i and j in R∪G ∪ B a corresponding non-negative distance d(i, j).
Throughout we will assume that the distances are symmetric with d(i, j) ≡ d( j, i),
and that they satisfy the triangle inequality:

d(i, j) ≤ d(i, k) + d( j, k) for all i, j, k. (1)

In the perimeter version B3AP-per of the three-dimensional bottleneck assignment
problem, the costs ci jk correspond to the perimeters of the underlying triangles:

ci jk = d(i, j) + d( j, k) + d(k, i). (2)

In other words, the goal in B3AP-per is to find a partition of the points into triangles
such that the largest triangle perimeter is minimized. In the diameter version B3AP-
dia of the three-dimensional bottleneck assignment problem, the costs ci jk correspond
to the diameters of the underlying triangles:

ci jk = max{d(i, j), d(i, k), d( j, k)}. (3)

In other words, the goal in B3AP-dia is to find a partition of the points into triangles
such that the largest triangle diameter is minimized.

In a more restricted geometric setting, the points in R ∪ G ∪ B are embedded in the
Euclidean plane, and the distances d(i, j) arise as the standard Euclidean distances.
We refer to these restricted variants as the Euclidean special cases of B3AP-per and
B3AP-dia.

1.1 Known results

Two-dimensional bottleneck assignment problems as well as multi-dimensional sum
assignment problems have received their share of attention in the literature; see for
instance Burkard et al. [1]. In contrast to this, the literature does not seem to con-
tain much work on multi-dimensional bottleneck assignment problems: Enumerative
approaches are discussed by Malhotra et al. [9], and by Varthak and Geetha [12].
A solvable special case is described in Klinz and Woeginger [8]. The results of Crama
and Spieksma [2] imply that the variations of B3AP-per and B3AP-dia without the
triangle inequality (1) do not admit any polynomial time approximation algorithm
with a constant worst case ratio (unless P = NP).

Gonzalez [6] investigates a closely related clustering problem where the points
come without colors. The goal is to find a partition of the points into k clusters (of
arbitrary size) such that the maximum cluster diameter is minimized. Gonzalez con-
structs a polynomial time 2-approximation algorithm for this bottleneck problem, if
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The approximability of three-dimensional assignment problems 9

the points lie in some Euclidean space. Furthermore he shows that (unless P = NP)
the 2-dimensional variant does not allow a polynomial time approximation algorithm
with worst case ratio strictly better than

√
3, and that the 3-dimensional variant does

not allow a worst case ratio strictly better than 2. Feder and Greene [5] improve the
2-dimensional negative result from

√
3 ≈ 1.732 to 2 cos(10) ≈ 1.969. Hochbaum

and Shmoys [7] discuss a variety of bottleneck problems in routing, location, and
communication network design. Wang and Du [13] discuss the bottleneck Steiner tree
problem in the plane: They give a polynomial time 2-approximation algorithm for the
Euclidean distance and the Manhattan distance. They show that (unless P = NP) for
the Manhattan distance this result is best possible, and that for the Euclidean distance
no approximation guarantee strictly better than

√
2 can be reached in polynomial time.

Finally, let us mention some related variants of the three-dimensional assignment
problem under the sum objective (where one wants to minimize the sum of the costs
of the triples). These cases are relatively well-understood: Crama and Spieksma [2]
design polynomial time 4

3 -approximation algorithms for the perimeter problem, if the
underlying distances satisfy the triangle inequality. Spieksma and Woeginger [11]
establish NP-hardness of the corresponding Euclidean special case. Queyranne and
Spieksma [10] exhibit a a 2-approximation algorithm for the diameter problem, again
assuming the triangle inequality.

1.2 Contributions of this note

We first derive a (very simple) positive result, and then a (more sophisticated) match-
ing negative result. The positive result concerns the approximability of the general
problems B3AP-per and B3AP-dia under the triangle inequality.

Theorem 1 For both problems B3AP-per and B3AP-dia, there exists a polynomial
time approximation algorithm H that outputs a feasible solution with a cost of no
more than twice the cost of an optimal solution.

The main contribution of this note is that the result stated in Theorem 1 cannot be
improved unless P = NP. In fact we will show that even the highly restricted Euclidean
special cases do not allow stronger approximation results.

Theorem 2 For any ε > 0, the Euclidean special cases of problems B3AP-per and
B3AP-dia do not possess a polynomial time (2− ε)-approximation algorithm (unless
P = NP).

Theorems 1 and 2 will be proved in Sects. 2 and 3, respectively.

2 The approximation algorithm

In this section we will prove Theorem 1. Indeed, let us consider some arbitrary instance
of B3AP-per. The auxiliary problem of finding a bottleneck assignment between the
red points and the green points can be formulated as the following integer program:
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10 D. Goossens et al.

min maxi∈R, j∈G d(i, j)xi j

s.t.
∑

j∈G
xi j = 1 for all i ∈ R

∑

i∈R
xi j = 1 for all j ∈ G

xi j ∈ {0, 1} for all i ∈ R, j ∈ G.

In any solution of this integer program, each point from R receives a point from G, and
each point from G is assigned to a point from R. Let x∗

i j denote an optimal solution,
and let L RG denote the corresponding objective value. In an analogous way we set up
an integer program for the bottleneck assignment between red points and blue points.
Let x∗

ik denote an optimal solution to this red-blue integer problem, and let L R B denote
the corresponding objective value. Finally we set

L = max{L RG, L R B}. (4)

Note that the optimal solutions of these two bottleneck assignment problems can be
determined in polynomial time O(n2.5/

√
log n); see for instance Burkard et al. [1].

Based on these optimal solutions x∗
i j and x∗

ik , we introduce the set

X = {(i, j, k) : x∗
i j = 1 and x∗

ik = 1, for i ∈ R, j ∈ G, k ∈ B}. (5)

Note that X constitutes a feasible set of triples for the considered instance of B3AP-
per. We denote the corresponding objective value by Hp(X), and we fix a triple
(i p, jp, kp) whose cost realizes the objective value Hp(X). Then we have:

Hp(X) = d(i p, jp) + d(i p, kp) + d( jp, kp)

≤ 2d(i p, jp) + 2d(i p, kp) ≤ 2L RG + 2L R B ≤ 4L . (6)

Here the first inequality follows from the triangle inequality. The second inequality
follows from the definition of X , and since the two auxiliary bottleneck assignments
match i p with jp and i p with kp, respectively.

Next consider an optimal solution S with value OPTp for the instance of B3AP-per.
This solution induces feasible solutions for the two auxiliary bottleneck assignment
problems. By the definition of L , one of these two induced solutions has bottleneck
value at least L . Hence there exists some triple (is, js, ks) in S with d(is, js) ≥ L or
d(is, ks) ≥ L; without loss of generality we assume d(is, js) ≥ L . Then the triangle
inequality yields d(is, ks) + d(ks, js) ≥ L , and thus the cost of this triple is at least
2L . This implies

OPTp ≥ 2L . (7)

The inequalities (6) and (7) together settle Theorem 1 for problem B3AP-per.
Next let us turn to problem B3AP-dia. We will argue that the same approximation

algorithm H can be used. The set X defined in (5) constitutes a feasible solution for
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The approximability of three-dimensional assignment problems 11

Fig. 1 A worst-case instance
for H

the considered instance of B3AP-dia. We denote the corresponding objective value by
Hd(X), and we fix a triple (id , jd , kd) whose cost realizes this objective value Hd(X).
The triangle inequality yields

Hd(X) = max{d(id , jd), d(id , kd), d( jd , kd)} ≤ max{L , L , 2L} = 2L . (8)

Consider an optimal solution with value OPTd for the instance of B3AP-dia. Again
we observe that this optimal solution induces feasible solutions for the two auxiliary
bottleneck assignment problems. Hence one of the triples will contain an edge of
length at least L . This yields

OPTd ≥ L . (9)

The inequalities (8) and (9) settle Theorem 1 for problem B3AP-dia. This completes
the proof of Theorem 1.

Finally, we observe that our analysis of algorithm H is tight: The instance in Fig. 1
may lead to the set X = {(1, 1, 1), (2, 2, 2)}. Then Hp(X) = 8 and OPTp = 4 yield
ratio 2 for problem B3AP-per, and Hd(X) = 4 and OPTd = 2 yield ratio 2 for
problem B3AP-dia.

3 The lower bound argument

In this section we will prove Theorem 2. Our approach is based on the traditional gap
technique: We show that a YES-instance of some well-known NP-complete decision
problem corresponds to a solution of our bottleneck problem with cost L , whereas a
NO-instance corresponds to an instance of our problem with cost at least 2L . Then, a
polynomial time approximation algorithm with a worst case ratio strictly less than 2
would be able to distinguish the YES-instances of problem X from the NO-instances,
and this would imply P = NP.

For the well-known NP-complete decision problem we will choose the planar
3-dimensional matching problem P-3DM, which has been proven to be NP-complete
by Dyer and Frieze [4]. An instance of P-3DM consists of three pairwise disjoint sets
X, Y, Z with |X | = |Y | = |Z | = q, and a set of triples T ⊆ X × Y × Z that satisfy
the following properties.

(i) Every element of X ∪ Y ∪ Z occurs in at most three triples of T .
(ii) The following bipartite graph G = (V1 ∪ V2, E) is planar: For each element

X ∪ Y ∪ Z the graph has a corresponding vertex in V1, and for each triple in T
the graph has a corresponding vertex in V2. Whenever some element occurs in
some triple, the corresponding vertices are connected by an edge in E .

The problem is to decide whether there exists a set T ′ ⊆ T of q triples such that every
element of X ∪ Y ∪ Z is contained in precisely one triple from T ′.
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12 D. Goossens et al.

Fig. 2 A triangular grid

Now let us start with an arbitrary instance I of P-3DM, and let us construct a corre-
sponding instance I ′ of B3AP-per from it. The main idea is to embed the underlying
bipartite graph G as specified in (ii) in a triangular grid; see Fig. 2. The literature
contains a wide arsenal of polynomial time algorithms for finding all kinds of grid
embeddings of planar graphs; see for instance the book [3] by Di Battista et al.

All edges in the triangular grid have length 1, and all points of instance I ′ will lie
on vertices of this grid. There are three types of points in I ′:

• For each element e in X (Y , respectively Z ) there is a corresponding red (green,
respectively blue) point in I ′ lying on a grid vertex. This grid vertex is called an
element vertex corresponding to e.

• For each triple t ∈ T , there are a corresponding a red point, a corresponding green
point, and a corresponding blue point, that together lie on the same vertex of the
grid. This grid vertex is called a triple vertex corresponding to t .

• For each occurrence of an element e ∈ X ∪ Y ∪ Z in some triple t ∈ T in P-3DM,
there is a corresponding set P(e, t) of points in I ′ that forms a kind of path from
the corresponding element vertex to the corresponding triple vertex. This path fol-
lows along an odd number v1, v2, . . . , v2k−1 (with k ≥ 2) of grid vertices, such
that consecutive vertices are adjacent in the grid. Every vertex vi with even index
i contains a single point; the color of this point coincides with the color of the
element point e. Every vertex vi with odd index i contains two points with two
different colors; these are the other two colors that do not show up at the element
vertex e.

Note that vertex v1 in the path P(e, t) is adjacent to the element vertex e, and that
vertex v2k−1 is adjacent to the triple vertex t . These vertices v1 and v2k−1 are called
the contact vertices of path P(e, t), whereas the other vertices are the inner vertices.
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The approximability of three-dimensional assignment problems 13

Fig. 3 Three paths leaving an element vertex

Fig. 4 Three paths leading to a triple vertex

Note that by (i) every element vertex e has at most three leaving paths. These paths
are chosen so that they enclose angles of at least 120◦ at the element vertex e; see
Fig. 3 for an illustration. Similarly the three paths leading into a triple vertex t will
always enclose angles of 120◦ at vertex t ; see Fig. 4 for an illustration. Furthermore,
the paths P(e, t) satisfy the following nice properties:

• On every path P(e, t), the inner vertices have distance larger than 2 to the inner
vertices of all other paths. Furthermore, these inner vertices have distance 1 to
their immediate neighbors on the path, distance at least

√
3 to the neighbors of

their neighbors, and distance at least 2 to all other vertices on the path.
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14 D. Goossens et al.

Fig. 5 A connecting path P(e, t)

• On every path P(e, t), the contact vertices have distance 1 to their immediate
neighbors, and distance at least 2 to all other vertices on the path.

• Whenever a path P(e, t) makes a turn, it is a 120◦ turn.

It is not difficult to see that the triangular grid allows such systems of connecting paths,
if the element and triple vertices are embedded sufficiently far away from each other
(see Fig. 5). This completes the description of the instance.

Lemma 3 If the instance I of problem P-3DM is a YES-instance, then the constructed
instance I ′ of problem B3AP-per has optimal cost at most 2.

Proof Since I is a YES-instance, there exists a set T ′ ⊆ T such that each element of
X ∪Y ∪ Z occurs in precisely one triple of T ′. Consider some element e that occurs in
triple t ∈ T ′. On the path P(e, t) that connects the element vertex to the triple vertex,
we match the point in e with the two points in v1. Furthermore, for i = 1, . . . , k − 1
we match the two points in vertex v2i+1 with the single point in vertex v2i . The other
paths connect e to some triple not in T ′. On these paths we match the two points in
vertex v2i−1 with the single point in vertex v2i , for i = 1, . . . , k − 1. Note that all
these triples have perimeter 2.

Finally, in every triple vertex corresponding to some t ∈ T we match the three
points in a triple of cost 0. In every triple vertex corresponding to some t /∈ T we
match the three points appropriately with the six points in the contact vertices of the
incident paths. Again, all these triples have perimeter 2. �

Lemma 4 If the instance I of problem P-3DM is a NO-instance, then the constructed
instance I ′ of problem B3AP-per has optimal cost at least 4.

Proof Suppose for the sake of contradiction that there exists a solution for instance
I ′ with cost strictly less than 4. Consider some path P(e, t) with vertices v1, v2, . . . ,
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The approximability of three-dimensional assignment problems 15

Fig. 6 Two ways of traversing a path

v2k−1. Along this path, any solution with cost strictly less than 4 has exactly two possi-
ble ways of forming triples; see Fig. 6. Note that the first solution leaves v1 unassigned,
whereas the second solution leaves v2k−1 unassigned; in such a situation we say that
the unassigned vertex is a free vertex.

Now consider an element vertex e, and its (at most three) adjacent contact vertices
(see Fig. 3). If none of these contact vertices is free, then the element point must be
matched in a triple of cost at least 4. If two or more of these contact vertices are free,
then the points in these vertices must be matched with two or more points with the
color of e. Again, this incurs a cost of at least 4. To summarize, exactly one of the
adjacent contact vertices must be free, and its corresponding to points are matched
with point e.

Next let us look at a triple vertex t . A similar case distinction as above shows that
either none or all three of the adjacent contact vertices must be free. In the former case,
the three points in the triple vertex are matched to each other. In the latter case, the
three points in the triple vertex are matched to the six points in the contact vertices.

All in all, this implies that I is a YES-instance of P-3DM: Indeed, each element
vertex is assigned to exactly one path (with a free contact vertex) that leads to a triple
vertex. And each triple vertex is either assigned to three paths (in which case the triple
is selected into T ′), or assigned to no path (in which case the triple is ignored). �


Lemmas 3 and 4 together prove the statement in Theorem 2 on problem
B3AP-per. What about the statement on problem B3AP-dia? Interestingly, the above
construction goes through again. The entire argument works out essentially as before,
except that now a YES-instance corresponds to a solution with cost 1 and a
NO-instance corresponds to a solution with cost at least 2. This completes the proof
of Theorem 2.
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